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^ ■ ABSTRACT 

p ii We study the scenario of baryogenesis through leptogenesis in higher- dimensional theories, 

r-| ! in which the scale of quantum gravity is many orders of magnitude smaller than the usual 

Planck mass. The minimal realization of these theories includes an isosinglet neutrino which 
S^ . feels the presence of large compact dimensions, whereas all the SM particles are localized 

j^ ■ on a (1 + 3)-dimensional subspace. In the formulation of minimal leptogenesis models, we 

pay particular attention to the existence of Majorana spinors in higher dimensions. After 
compactification of the extra dimensions, we obtain a tower of Majorana Kaluza-Klein ex- 
citations which act as an infinite series of CP- violating resonators, and derive the necessary 
conditions for their constructive interference. Based on this CP-violating mechanism, we 
find that the decays of the heavy Majorana excitations can produce a leptonic asymmetry 
which is reprocessed into the observed baryonic asymmetry of the Universe by means of 
out-of-equilibrium sphaleron interactions, provided the reheat temperature is above 5 GeV. 



1 Introduction 

Superstring theories have been advocated to provide a consistent theoretical framework 
that could lead to quantization of gravity, including its possible unification with all other 
fundamental forces in nature. The quantum nature of gravity is expected to play a central 
role at energy scales close to the Planck mass, Mp = 1.2 x 10^^ GeV. The formulation 
of superstring theories requires the embedding of our well-established (1 + 3)-dimensional 
world into a higher-dimensional space, in which the new spatial dimensions must be highly 
curved for both phenomenological and theoretical reasons. In typical string theories, the 
fundamental string scale is generically of order Mp. However, Witten [Q, and Hofava and 
Witten presented an interesting alternative, in which the string scale may be consid- 
erably lowered to ~ 10^^ GeV, thereby enabling the unification of all interactions within 
the minimal supersymmetric model. An analogous scenario was subsequently discussed 
by Lykken 0, in which the string scale was further lowered to the TeV range J^ but the 
fundamental Planck scale was kept intact to Mp. 

Recently, Arkani-Hamed, Dimopoulos and Dvali |P have considered a more radical 
scenario, in which the fundamental scale of quantum gravity, Mp-, may be as low as few 
TeV, thereby proposing an appealing solution to the known gauge hierarchy problem 0. 
The observed weakness of gravity may then be attributed to the presence of a number 
5 of large extra spatial dimensions, within which only gravity can propagate and, most 
probably, fields that are singlets under the Standard Model (SM) gauge group, such as 
isosinglet neutrinos 10,0. This higher [1 + (3 + (5)]-dimensional space is usually termed 
bulk. On the other hand, all the ordinary SM particles live in the conventional (1 + 3)- 
dimensional Minkowski subspace, which is called wall. In such a theoretical framework, 
the ordinary Planck mass Mp must be viewed as an effective parameter, which is related 
to the genuinely fundamental scale Mp through a kind of generalized Gauss law 

Mp ^ Mf{RMfY^\ (1.1) 

where we have assumed, for simplicity, that the additional (5-dimensional volume has 
the configuration of a torus, with all of its radii being equal. Many astrophysical 
P JT0|JTT| , p!2|jr3| , p^ , p!5| , p!6| and phenomenological fl^ analyses have already appeared in the 



recent literature for such low string-scale theories. 

As has been mentioned already, it is conceivable to assume that isosinglet neutrinos 

exist in addition to gravitons, and that also feel the presence of large extra space dimensions. 

*In a different context, Antoniadis M had made an earlier suggestion of a low compactification scale of 
order TeV in string theories. 



In particular, we wish to study novel scenarios, in which the existence of higher- dimensional 
singlet fields may account for the observed baryonic asymmetry of the Universe (BAU) 
by means of the Fukugita-Yanagida mechanism of leptogenesis [|TB[. According to this 
mechanism, an excess of the lepton number (L) is first generated by out-of-equilibrium L- 
violating decays of heavy Majorana neutrinos, which is then converted into an asymmetry 
of the baryon number {B) through {B + L)-violating sphaleron interactions [|l^]. Such 
an L-to-B conversion of asymmetries stays unsuppressed, as long as the heavy Majorana- 
neutrino masses lie above the critical temperature Tc of the electroweak phase transition 
where sphalerons are supposed to be in thermal equilibrium. Such a scenario of the BAU 
generation is often called baryogenesis through leptogenesis. 

The presence of large extra dimensions introduces a number of alternatives for lep- 
togenesis which may even have no analogue in the conventional 4-dimensional theories. 
We shall focus our attention on minimal realizations of higher-dimensional leptogenesis 
models, which lead, after compactification of the extra dimensions, to scenarios that admit 
renormalization assuming a finite number of Kaluza-Klein (KK) excitations. Such models 
of leptogenesis are therefore endowed with enhanced predictive power. For definiteness, we 
will consider minimal 4-dimensional extensions of the SM, augmented by one singlet Dirac 
neutrino, which propagates in the bulk. Parenthetically, we should notice that massive 
Majorana neutrinos are not defined for spaces with any space-time dimensions but only for 



those with 2,3 and 4 mod 8 dimensions [20,21|. For instance, unlike in 4 dimensions, true 



Majorana spinors cannot be defined in 5 dimensions. This topic will be discussed in detail 
in Section 2. 

After compactification of the extra dimensions, the kinetic term of the bulk neutrino 
gives rise to an infinite series of massive KK excitations, with equally spaced Dirac masses, 
i.e. the mass difference between two neighbouring KK states is of order 1/R. In order to 
make the mechanism of leptogenesis work, it is necessary that the model under consideration 
violate both the lepton number L and the product of symmetries of charge conjugation (C) 
and (parity) space refiection (P), also known as CP symmetry. The violation of L can 
be introduced into the theory by simultaneously coupling the different spinorial states of 
the higher-dimensional Dirac neutrino to the lepton doublets of the SM and to their C- 
conjugate counterparts. As we will see in Section 3, however, this is not sufficient for the 
theory to be CP-violating. CP non-conservation can be minimally realized in two different 
ways: one has to either (i) include additional higher-dimensional fermionic bilinears or 
(ii) extend the Higgs sector of the SM. Obviously, one may also consider more involved 
models based on combinations of these two minimal scenarios. The first scenario may be 



regarded as a higher-dimensional extension of the ordinary leptogenesis model [0. Of 
most interest is, however, the second alternative, which has no analogue in 4 dimensions, 
as it does not require the inclusion of any explicit heavy Majorana or isosinglet mass scale 
in the Lagrangian. The characteristic feature of these extensions is that each of the Dirac 
KK neutrino states splits into two nearly degenerate Majorana neutrinos either at the tree 
level in the first scenario or at one loop in the second one. 

There are generically two distinct mechanisms that give rise to CP non-conservation 
in the decays of heavy Majorana KK states. In the first mechanism, CP violation is 
induced by the interference of the tree-level decay graph with the absorptive part of a 



one-loop vertex diagram |18,22|; we call the latter e'-type CP violation in connection with 
the established terminology of the kaon system. In the second mechanism, which we call 
6-tjpe CP violation, the tree-level diagram interferes with the absorptive part of the one- 



loop self-energy transition between two heavy Majorana neutrinos p3| , p4tp5| , i.e. between 



heavy Majorana KK states. If the mass difference of two heavy Majorana states is of the 
order of their respective widths, the description of e-type CP violation becomes more subtle 
field-theoretically [Q. In this case, finite-order perturbation theory no longer applies, and 



one is therefore compelled to resort to a resummation approach, which consistently takes 
the instability of the mixed heavy Majorana states into account. This issue has extensively 
been discussed in 12^ . 



Furthermore, it was shown p4| that the e-type CP violation induced by the mixing 
of two nearly degenerate heavy Majorana states can be resonantly enhanced up to the 
order of unity. As we shall discuss in more detail in Section 4, an analogous dynamics 
exhibits the system of the Majorana KK excitations. In fact, each KK pair of the two 
nearly degenerate Majorana states behaves as an individual CP-violating resonator. In 
this way, we shall characterize a two-level system that satisfies the resonant conditions of 
order- unity CP violation. We find that the spacing in mass for two adjacent KK pairs of 
Majorana states governs the dynamics for constructive or destructive interference of the 
complete tower of the CP-violating resonators. Owing to cancellations among the different 
CP-violating vertex contributions, we can explicitly demonstrate that e'-type CP violation 
is vanishingly small. 

A crucial requirement for successful baryogenesis through leptogenesis is that the 



temperature of reheating Tr [0] due to the late decays of gravitons into photons be not 
much smaller than the critical temperature Tc, namely the temperature above which the 
{B + L)-violating sphalerons are in thermal equilibrium. If Tr < Tc, sphalerons are out 
of equilibrium, and the conversion of the generated leptonic asymmetry into the baryon 



asymmetry becomes exponentially suppressed. In particular, it has been argued []T2[ that 
it may be difficult to obtain a reheat temperature above T^ in theories with a low scale 
of quantum gravity Mp-, such that sphalerons can effectively reprocess an excess in L 
into B. For 2 extra large dimensions, the authors P,p!2| derive the mass limit Mp ~ 100 
TeV, assuming that the reheat temperature is larger than few MeV, so as to ensure that 
primordial nucleosynthesis proceeds as usual. This bound is also in qualitative agreement 
with recent constraints derived from considerations of rapid supernovae cooling due to 
graviton emission [l^ and of the cosmic diffuse gamma radiation ||14|| . 



Nevertheless, several possibilities have already been reported in the literature that one 
might think of to avoid possible difficulties associated with a low T^. For example, one could 
imagine that the bulk singlet neutrino only resides in a subspace of a multidimensional space 
spanned by a number 5 = 6 of extra dimensions and higher, in which gravity propagates 
0. This could lead to rather suppressed production rates of gravitons, thus allowing much 
larger reheat temperatures @,|12|- Another way of solving the problem of a low T^. is to 
assume that the compactification radii [|I^|T^ of gravity are not all equal but possess a 
large hierarchy. Such a possibility would completely change the usual cosmological picture 
of the previous analyses. In this context, it has been further advocated that gravitons 
might decay faster on a hidden wall than the observable wall we live on @ or even a 



novel type of rapid asymmetric inflation could take place [|TT]. Because of the variety of 
the solutions suggested in the literature, we shall not put forward in our analysis a specific 
mechanism of increasing the reheat temperature close to T^. Instead, we will simply assume 
that Tr is a free parameter, and place a lower limit on it, based on the requirement that 
the observed amount of B asymmetry is produced. In particular, we shall see that the 
resonantly enhanced CP asymmetries in the decays of the KK states are very important to 
overcome part of the low-T^ problem. 

The paper is organized as follows: Section 2 reviews the topic related to the ability of 
defining true Majorana spinors in higher- dimensional theories. In Section 3, we formulate 
minimal renormalizable higher-dimensional models that can lead to successful scenarios of 
leptogenesis. In Section 4, we derive the necessary conditions for order-unity CP asym- 
metries due to the constructive interference of the tower of KK CP-violating resonators, 
and show that e'-type CP-violating contributions are negligible. In Section 5, we give 
an estimate of the baryonic asymmetry, which arises from a sphaleron-converted leptonic 
asymmetry, and derive a lower bound on T^ and Mp for successful baryogenesis. Finally, 
Section 6 presents our conclusions. 



2 Majorana spinors in higher dimensions 



The violation of the lepton number in leptogenesis models or supersymmetric theories is 
naturally mediated by Majorana fields, e.g. heavy Majorana neutrinos, neutralinos etc. 
The KK formulation of these theories necessitates an analogous extension of the notion of 



the Majorana spinor to higher dimensions pO|j21[l . The ability of defining true Majorana 
neutrinos in any dimensions plays a key role in the construction of higher-dimensional 
leptogenesis models. Here we shall review this topic from a more practical, for our purposes, 
point of view. 

We shall consider d- dimensional theories with one time component and d — 1 spatial 
ones. We assume that the Lagrangian describing these theories is invariant under the 
generalized Lorentz transformations of the SO(l,(i — 1) group. In such an extended d- 
dimensional Minkowski space, the corresponding Clifford algebra reads 



{7^' 



id) 



5 lU 



} = 2^Sl 



(2.1) 



where g^'^^ 



flW 



diag (+1, 



-1), for yU, z/ = 0, 1, . . . , (i — 1, and 'y^' are the generalized 



Dirac gamma matrices. The construction of these matrices to any number of dimensions 
may be found recursively. Our starting point is the representation of gamma matrices for 
d = 2 and d = 3, i.e. 



(2,3) 

7o 



1 

1 



7i 



(2,3) 



-1 

1 



7f 



i 
-i 



(2.2) 



The procedure for constructing gamma matrices to higher dimensions is then as follows. If 

d = 2m {m = 1,2,...), we may then define 



(d) 
7o 



(d) 
Tk 



(d-i) (d-i) 
-7o Tk 



(d-i) (d-i) 
7o Tk 



1,- 



.,rf- 2,(2.3) 



(d) 
Td-i 



(d-i) 
-7o 







and 7p 



-1, 



(2.4) 



where Im is the unity matrix in m dimensions. Note that the dimensionality of the repre- 
sentation of the gamma matrices for d = 2m + 1 coincides with that oi d = 2m,. The matrix 
7? 



' is the generalization of the usual 75 matrix in four dimensions, i.e. 7p 



{d)2 



id) 



cntl,7?\ 



where the constant c is defined such that 7p ^ = 1. The matrix 7^'' anticommutes with 
all 'y\f' for d = 2m, whereas it commutes with all 7^'^-' for d = 2m, + 1, i.e. it is proportional 



to the unity matrix. If we know the representation of gamma matrices for d = 2m, we can 
easily construct the corresponding one for d = 2m + 1, just by including 

Id = np ■ (2.5) 

In fact, Eqs. ( |2.3|) -( ^3|) are sufficient to construct all 7^'^-* in any number d of dimensions, 
starting from the known expressions (p.2|) for d = 2,3. In addition, we should notice that 
the adopted representations of 7^"^^ are of the Weyl type, having the properties 

7^ = 7r^ 7? = -7f^ k=i,...,d-i. (2.6) 

Finally, a useful property of the above construction is the fact that 7^^^^ are self-adjoint 
under the known bar operation, i.e. 



7?^ - llf'llf'^lif' = if. (2.7) 



and i7p = 'i7p . 



Let us now define by ^(x) a massive fermionic free field in a multidimensional 
Minkowski space, which satisfies the free Dirac equation of motion, i.e. {i'^^d^ — m^jip = 0. 
Here and henceforth, we shall drop the superscript '(rf)' on the gamma matrices to simplify 
notation. The Lorentz adjoint of ip is then given hj ip = '?/'^7o, while invariance of the Dirac 
equation under generalized Lorentz tranformations requires 

S = loSho = S-\ (2.8) 

where 

S = exp(-^^..„a^,Jr), (2.9) 

with afj^iy = I [7;x,7i/], is the (i-dimensional spinorial representation of an arbitrary Lorentz 
rotation with angles Un, and 7^'' are the generators of S0(1, d — 1). It is easy to see that 
Eq. ( p.8|) is equivalent to 7oO"jjjy7o = <^^lu■ The last equality is true by virtue of Eq. (|2.7| ). 

To define charge-conjugate fermionic fields in theories with many dimensions, we 
proceed as follows. We start with the classical Dirac equation by including a background 
electromagnetic field A^ coupled to ip, i.e. [i'y^{d^ + eA^) — m]ilj = 0, and then seek for a 
solution of the respective Dirac equation for the antiparticle field, denoted as ip^ , which is 
of the form [z7^(c}^ — eA^) — m]^*^ = 0. In case ^/^ is a neutral field, e.g. a neutrino, one 
should initially assume that e 7^ and then take the limit e — > at the very end of the 
consideration. In this way, we find that ip'" may be determined in terms of ip as follows: 

^P"" = CtP^ = C7o^*, (2.10) 



where C is the charge-conjugation operator that satisfies the property 

C-'l,C = -7j, (2.11) 

for massive fermionic fields. For massless fermions, we may also allow the equality 

C-'l,C = 7j. (2.12) 

Furthermore, consistency of charge conjugation with Lorentz invariance implies that 

C-^SC = {S-y, (2.13) 



or equivalently that C ^cr^^C = — crj^,, which holds true because of Eq. ( ^2.111 ) or ( |2.12D . At 
this point, we should remark that the transformations 

7^ = U^,U-\ C = UCU^ (2.14) 

preserve all the relations of gamma matrices given above, including Eqs. (2^) and ( p. 13 ). 



The necessary and sufficient condition for the existence of a Majorana spinor in any 
number of dimensions reads 

^ = ^^, (2.15) 

which amounts to 

ClUCl^oY = 1- (2.16) 

This last equality may be rewritten as 

C-I70C = {C*C)^^. (2.17) 

Consequently, massive (massless) Majorana spinors in d dimensions are admitted, if both 
the construction of a C matrix satisfying Eq. (|ll|) (Eq. ( gl2D ) and C*C = -1 {C*C = +1) 
is possible. As we will see below, this is not always the case. 

For this purpose, it is important to be able to construct a matrix that obeys the 
identity ( p. Ill) or ( |2.12D . There are only two candidates that could be of interest: 



Ca = n^^, with 7, = -7f = -7t, (2.18) 

i 
s 

Cs = Y[^r, With 7, = 7j, 7o = 7j, 7, = -7t (r^^O). (2.19) 
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no 
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11 
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-1 
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yes 


12 
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-1 
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-1 


yes 


13 


7 


-1 


6 


-1 


no 



Table 1: Existence of massive Majorana spinors in d dimensions. 

Specifically, Ca (Cs) is formed by the product of all p (s) in number gamma matrices that 
are purely antisymmetric (symmetric). Employing the identity: 7^7! = 1, we can easily 
find the following relations for the two C-conjugation matrices: 

CA' = C\ = {~ire{p)CA, Cl={C\r = {-ire{p)C*A, Ca = C*a, (2.20) 

Cs' = Cl = i-ir' e{s)Cs , Cl = (Clr = (-l)-i sis)C*s , C^ = {-ir' Cs ,(2.21) 

with e{z) = (— l)^(^^i)/2. As advertised, it can be shown that the two C-conjugation 
matrices satisfy the relations 



Ca'i.Ca = i-lYlj:, Cs'^.Cs = (-1)^+SJ. 



(2.22) 



On the other hand, the Majorana condition given by Eq. ( |2.17| ) may now be translated 



into 



C^'ioCa = i-iyeip)^^, Cs'^oCs = e{s)^^. (2.23) 

As a consequence, the existence of a massive Majorana spinor in any number of dimensions 
is ensured, if 

e{p) = 1 and p is odd, (2.24) 



9 
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= i-ir' 
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-1 


-1 




no 
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-1 


-1 




no 


7 




-1 
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-1 


no 


8 






1 


-1 


yes 


9 






1 




yes 



Table 2: Existence of massless Majorana- Weyl spinors in d dimensions. 



or if 



e{s) = —1 and s is even . (2.25) 

Based on Eqs. (p.24| ) and ( |2.25| ), we can generate Table |l|. As can be seen from this table, 
true massive Majorana neutrinos exist only in 2, 3 and 4 mod 8 dimensions [^ . 

If we also allow the possibility of massless Majorana- Weyl spinors, we only need to 
impose the restriction: 

£{p) = +1 or e{s) = (-1)'+^ (2.26) 

Generated in this way. Table ^ shows that in addition to the result found in the massive 
case, the definition of massless Majorana fields can be extended to 8 and 9 mod 8 dimensions 



21|. For example, our analysis explicitly demonstrates that, as opposed to theories with 4 



dimensions, true Majorana neutrinos cannot be defined in those with 5, 6, and 7 dimensions. 
In fact, in the latter theories, C loses its very meaning of being a genuine charge-conjugation 
matrix. We shall pay special attention to this issue in the next section, while formulating 
different minimal models of leptogenesis. 

3 Higher-dimensional models of leptogenesis 



If the SM contains a singlet neutrino that feels large extra dimensions, this additional 
volume factor of the new spatial dimensions introduces a new possibility to naturally sup- 
press the Higgs Yukawa coupling to neutrinos 0J^. After spontaneous symmetry breaking 
(SSB) of the SM Higgs potential, the resulting neutrino masses may naturally be of the 
order of 10~^ eV, which turns out to be in the right ballpark for explaining the solar and 



atmospheric neutrino data [16|. Here we shall formulate minimal models of leptogenesis 



10 



which, after compactification of the extra dimensions, give rise to theories containing 4- 
dimensional operators only, and are therefore renormahzable for finitely many KK states. 
Even though the number of KK excitations is formally infinite, on theoretical grounds, 
however, one expects the presence of an ultra-violet (UV) cutoff close to the string scale 
where gravity is supposed to set in. The issue of renormalization will become clearer, when 
we describe the leptogenesis models. 

For simplicity, we shall consider a 5-dimensional model. The generalization of the 
results to higher dimensions is then straightforward. Following 0J^, we assume that all 
particles with non-zero SM charges live in a subspace of (1 + 3) dimensions. Also, we intro- 
duce one Dirac isosinglet neutrino N{Xf^, y) that propagates in the bulk of all 5 dimensions. 
We denote by x^ = {xo,Xi,X2,Xs) the one time and the three spatial coordinates of our 
observable world and hj y = x^ the new spatial dimension. The y-coordinate is to be 
compactified on a circle of radius R by applying the periodic identification: y = y + 2ttR. 
Specifically, the minimal field content of a one-generation model of leptogenesis is 

where ul, II and Ir are 4-dimensional Weyl spinors, and ^ and r] are two-component spinors 
in 5 dimensions. Depending on the model, we shall also assume that ^ {rf) is symmetric 
(antisymmetric) under a y refiection: ^{x,y) = ^{x,—y) and ri{x,y) = —ri{x,—y).f\ Fol- 
lowing the procedure outlined in Section 2, the gamma matrices in 5 dimensions may be 
represented by 

where a'^ = (I2, a) and a^ = (I2, — c?), with (?i,2,3 the usual Pauli matrices. 

As we have mentioned in the introduction, there are two representative minimal 
scenarios of leptogenesis: 

(i) The first scenario may be viewed as a higher-dimensional generalization of the usual 
leptogenesis model of Ref. |T^, in which the Lorentz- and gauge- invariant fermionic 
bilinears NN and N'^C^^'^^^N are included. As we will see, however, if a Z2 dis- 
crete symmetry is imposed on N{x,y), the former bilinear mass term NN does not 



^With the imposition of such a symmetry which might be justified within the context of a Z2 orbifold 
compactification [|| , a twofold mass degeneracy may be avoided in the spectrum of the KK states for the 
leptogenesis models under study. 



11 



contribute to the effective action. According to Eqs. ( p.l8| ) and ( |2.19| ), the ma- 



trix C^^'^ satisfies Eqs. (|2.12|) and ( p.l3|) , but not Eq. ( p.ll|) , which defines the true 



C-conjugation matrix for a massive Dirac field. Despite its close analogy to 4 dimen- 
sions, the operator N'^C^^^~^N does not represent a genuine bare Majorana mass in 5 
dimensions. Nevertheless, after KK compactification, the effective Lagrangian of this 
scenario displays a dynamics rather analogous to the known scenario of leptogenesis 



due to Fukugita and Yanagida |18 



(ii) The second scenario of leptogenesis requires, in addition to the bulk Dirac singlet field 
N{x,y), that the Higgs sector of the SM be extended by two more Higgs doublets. 
The first Higgs doublet, denoted as $i, couples to the lepton isodoublet L, the second 
Higgs doublet $2 couples to its charge-conjugate counterpart, CL'^, while the last one 
$3 has no coupling to matter. Thus, the extended Higgs potential admits CP non- 
conservation, which originates from the bilinear mixing of the three Higgs doublets. 
In fact, in this model, both the Majorana masses of the KK excitations and CP 
violation are generated via loop effects. Most interestingly, as we will detail below, 
this scenario of leptogenesis has no analogue in 4 dimensions. 

Of course, one may consider more involved models of leptogenesis that are based on 
combinations of the basic scenarios (i) and (ii), including their possible supersymmetric 
extensions. Therefore, it is very instructive to analyze in more detail these two representa- 
tive models of leptogenesis, as well as a hybrid scenario that includes both the extensions 
mentioned above, i.e. fermionic bilinears and two additional Higgs doublets. 

3.1 The leptogenesis model with fermionic bilinears 

In this scenario, the SM is augmented by a higher- dimensional Dirac singlet neutrino 
N{x,y), while the SM particles are considered to be confined to a 4-dimensional hypersur- 
face, which describes our world and is often termed as a 3-brane.[] In this picture, the bulk 
Dirac neutrino field N{x, y) intersects the 3-brane at a position y = a, which naturally gives 
rise to small Yukawa couplings suppressed by the volume of the extra dimensions. This 
suppression mechanism is very much like the one that gravity owes its weakness at long 
distances in theories with a low scale of quantum gravity 0. The most general effective 

tin a field-theoretic context, Rubakov and Shaposhnikov [^ presented the possibility of dynamically lo- 
calizing 4-diniensional fermions on a solitonic brane embedded in a higher-dimensional space, by employing 



the index theorem in a solitonic background |28 



12 



Lagrangian of the scenario under discussion is given by 

2ttR 

C,s = fdy{N[tYd^ + ti^dy)N - mNN - 



MN^C^^^^^N + H.c. 



+ 6{y - a) hi L^^ + /i2 L^r] 
where £sm denotes the SM Lagrangian and 



H.C. 



S{y - a) CsM } 



-7i73 



707274 



— i(T2 

— i(T2 



(3.3) 



(3.4) 



In Eq. ( p73|) , $ = za2$* is the hypercharge-conjugate of the SM Higgs doublet, and ^ and 

1] are higher- dimensional two-component spinors defined in Eq. (|3.1|) . Note that hi and /i2 

are dimensionful kinematic parameters, which may be related to the dimensionless Yukawa 

couplings hi and /12 through 

hi,2 



hi: 



(3.5) 



with S = 1. Here, one must remark that the fundamental scale of quantum gravity Mp oc- 
curs naturally in Eq. (|3.5|) , as it is the only available energy scale of the effective Lagrangian 
to normalize these higher-dimensional Yukawa couplings. 

Given that N{x, y) is a periodic function of y, with a period 2tiR and its two- 
component spinorial modes being constrained by the aforementioned Z2 discrete symmetry 
1^, we may expand the two-component spinors ^ and 77 in a Fourier series as follows: 



ri{x,y) 



1 ]^ 00 



V2^ 
1 



E Vn( 



X) sm 



irR „=i 
ny 
R 



X) cos 



ny_ 

R 



(3.6) 
(3.7) 



VnR „=i 

where the chiral spinors ^n{x) and rin{x) form an infinite tower of KK modes. After inte- 
grating out the y coordinate, the effective Lagrangian takes on the form 

-i 00 

C,s = /:sM + eo(«cr'^5^)eo + {hf^L^^o - 7; M ^oCo + H.c.) + J2 U^^^d,,)^n 

+ flJio^d^,)rin + — (inTln + L^n) " T,M {^nin + Tiffin + H.C. 



7~) \^!l III ' ^ It I It J c\ 

+ V2(/il")Ll>e„ + hf^L^Vn + H.c.) 
where we have chosen the weak basis in which M is positive, and 



(n) 



Wi 



ht' 



hi f na 

{27TMpRy/^ ''°' I 'R 



h. 



(27rM^i?)'5/2 



sm 



na 

'r 



Mp ( na 

Mp ( na 



{n > 0) 
(n > 1) 



(3.8) 

(3.9) 
(3.10) 



13 



In deriving the last equalities on the RHS's of Eqs. ( p.9| ) and ( p.lO| ), we have employed the 
basic relation given in Eq. (lA). In agreement with [^§, we find that independently of 



the number 5 of the extra dimensions, the 4-dimensional Yukawa couplings hi and /i2 
are naturally suppressed by an extra volume factor Mp/Mp < 10~^°. We also observe that 
the mass term irtNN drops out from the effective Lagrangian, as a result of the Z2 discrete 
symmetry. 

In the symmetric (unbroken) phase of the theory, the part of the Lagrangian describing 
the KK masses is given by 



C 



KK 




(0) (0) 



where xTm — Tf ^^P(^*^i(2)) 1^" + (~) Vn]- As in Ref. 0, we have defined /x = min {\M—^\) 
to be the smallest mass eigenvalue for some given value of fc, and have relabelled the re- 
maining KK mass eigenstates Xi ^^^ X2 with respect to k. Thus, after compactification, 
we see how the heavy isosinglet mass M gets replaced by the small Majorana mass /x, with 
/i < 1/R. Further technical details and a discussion may be found in |^. After expressing 
the effective Lagrangian in Eq. ( |3.8| ) in the newly introduced Majorana-mass basis, we 
obtain 



C^s = CsM + Cass + xf\^cT^d,)x?^ + {hf^L^x^ + H.c.) + E 



n=l 



where 



'n(2) 



^^<t>- -^H ^ (_) g^<^5 -^{n) 



xt\^-a'^,)x^^^ 
(3.12) 

(3.13) 



and the Yukawa couplings hi I are those given in Eqs. ( |3.9| ) and ( |3.10| ). 

It is now easy to recognize that the Lagrangian in Eq. (|3 . 1 2|) is the known 4- 
dimensional model of leptogenesis, with an infinite number of pairs of Majorana neutrinos 
Xi and X2 IHI- With the help of a method based on generalized CP transformations 



p9| , we can derive the sufficient and necessary condition for the theory to be CP-invariant. 



Adapting the result found in P3 to the model under discussion, we find the condition 



ImTr ( /iUMj M^ M\ h^ h* M^ 



(3.14) 
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where h={hf\ h^l\ /i^^\ . . . , /iS"\ /i^''^ • • •) and M^ = diag (/i, ;^-/i, ;^+/i, . . . , ^-/x, | + 
H, . . .) are formally infinite-dimensional matrices that contain the Higgs Yukawa couplings 
and the KK mass-eigenvalues, respectively. It is a formidable task to analytically calculate 
the LHS of Eq. (|3.14|) . Instead, we notice that if one of the following equalities holds true: 

/i = 0, a = (O or ttR), lm{hihlf = 0, (3.15) 



the theory is then invariant under CP transformations. Consequently, CP violation requires 
to have /i 7^ and a non-zero shifting of the brane, a 7^ 0, apart from a relative CP- violating 
phase between the original Yukawa couplings hi and /i2. Finally, we should remark that 
if the Z2 discrete symmetry were not imposed on N{x,y), the resulting Lagrangian would 
predict a dangerous twofold mass degeneracy in the spectrum of the would-be Majorana 
KK states, which would effectively correspond to the /x = case, and hence would lead to 
the absence of CP violation as well. 

3.2 The leptogenesis model with extended Higgs sector 

The second scenario that we will be discussing does not involve the inclusion of any heavy 
isosinglet mass scale. Instead, in addition to the higher- dimensional Dirac field N{x, y) 
supplemented by the Z2 discrete symmetry, we shall extend the Higgs sector by two more 
Higgs doublets that carry the same hypercharge as the SM Higgs doublet. As we will 
demonstrate below, such an extension of the Higgs potential by three Higgs doublets, 
hereafter denoted by $1, $2 and $3, is dictated by the necessity of introducing sufficient 
L and CP violation into the theory. Specifically, this scenario is governed by the effective 
Lagrangian 

27rR 

Ces = Jdy {N{tYd^ + i^^dy)N + 5{y - a) [hiL^ii + /i2 ^^$2^7 + H.c. " 


+ 5{y - a) [4m(*i) + l^v{^i. '^2, $3) ] } , (3.16) 

where $, = icr2$* (z = 1, 2, 3), and £y($i, $2, "^3) and £gM($i) describe the Higgs potential 
and the residual standard part of the model, respectively. Furthermore, the model is 
invariant under the transformations: 

(3.17) 

where //j, ur and d^i denote the right-handed charged-leptons, the up- and down-type 
quarks, respectively. Obviously, only <l>i couples to the observed SM particles, whereas $3 
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-> iN, 
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$2 - 


^ i$2 , 


Ir - 


-^ -Hr , 


ur - 


-^ iuR, 


dR - 


-^ -idR 



/ \ 

/ \ 

-»— 1 » 1-»- 



$3 



U L Vn U L Vn 

(a) (b) 

Figure 1: Feynman graphs giving rise to UV- finite KK kinetic terms. 

does not couple to matter at all. The discrete symmetry in Eq. ( |3.17| ) is very crucial, as it 
ensures the renormalizability of the model; the discrete symmetry is only broken softly by 
operators of dimension two: 

£f* = E ^I'^l'^j + H.c. C /:y($i,$2,$3). (3.18) 

Notice that the Higgs potential of this scenario is very similar to that of Weinberg's three 
Higgs-doublet model [Q. 

One might now naively argue that the third Higgs doublet $3 is not compelling for 
introducing CP violation into the theory, e.g. Im (/ii/i2"^^2) 7^ 0- However, this is not true. 
Notwithstanding hi and /i2 might initially be complex in the basis in which 771^2 is real, one 
can always rephase L — > e^'^'L and A^ —>■ e^'^N to make both real. If (phi and (f)h2 denote 
the phases of the two Higgs Yukawa couplings, these phases can be ehminated by choosing 
4>i = {(phi +0h2)/2 and (p = {(ph2 ~0/ii)/2. In this scenario, CP violation gets communicated 
radiatively to the neutrino sector through bilinear Higgs-mixing effects. To be precise, CP 
non-conservation in the symmetric phase of the Higgs potential Cy is manifested by the 
no n- vanishing of the following rephasing-invariant quantity pll] : 



lm[ml,ml^mll) ^ 0. (3.19) 

In addition, CP violation can only occur on a shifted brane, i.e. a 7^ 0. The latter amounts 
to non-zero values for both compactified Higgs Yukawa couplings hi and /i2 • 

Proceeding as in Section 3.1, we integrate out the compact coordinate y in Eq. (|3.16|) 
to eventually arrive at 

£eff = 4m('^i) + /:y($i,$2,$3) + U^(r^d^)^o + {h^L^i^o + H.c. 
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_ 1 1 / — 

n=l 

+ V2[thPL^i^n + iht^L^2Vn + H.c.) 



(3.20) 



where hi and /i2 are given by Eqs. (|3.9|) and ( |3.10 ), respectively. Observe that the 
effective Lagrangian in Eq. (|3.20|) still preserves the original discrete symmetry in Eq. 
( p.lTp , where the KK components of N{x,y) transform as: ^.„ -^ i^n and ?7„ — » —irjn. 
At the tree level, the model predicts an infinite number of KK Dirac states that have 
masses whose masses are equally spaced by an interval 1/R. Once radiative corrections 
are included, however, as shown in Fig. |1|, each KK Dirac state splits into a pair of nearly 
degenerate Majorana neutrinos. In fact, radiative effects induce new UV-finite kinetic 
terms involving the KK states. The new KK kinetic terms are given by 



C 



rad 



oo 

E 

n,m=l 



.Vnii(^^d^)^rn + H.C, 



(3.21) 



where simple dimensional analysis of the Feynman graphs displayed in Fig. |l| suggests^ 



^W*aM 



'h';' 



87r2 



m 



12 



mfi + m 



+ 



mJ3m*i 
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"^§3 ("^ii + "^52) 



(3.22) 



Since Knm <^ ^/{RMp), we find that, to a good approximation, only the diagonal kinetic 
transitions C,n -^ Vn contribute predominantly to the splitting of a KK Dirac state into a 
pair of Majorana states. After canonically normalizing the KK kinetic terms, the KK mass 
spectrum is determined by 



1 



-C 



KK 

mass 



n 



E OR i^l 



(n) 



(n) 
X2 





1 



1- e. 



(n) 

Xi 

(n) 
X2 



+ H.C. 



(3.23) 



where e„ ~ k„„ and 





e-'</'?/2 _e-i0?/2 



oi4>l/2 



oirj-i 









1 



V 



/ 



(n) 
Xl 

in) 
X2 



(3.24) 



§We should remark that our renormahzation procedure consists of two steps. In the first step, all UV 
infinities are absorbed by off-diagonal wave- function and mixing renormalizations of the KK states in the 
on-shell scheme ^^. To leading order, such a rescaling does not generally affect the original form of the 
tree-level effective action. The second step, which is of interest to us here, consists of a finite renormahzation 
of the kinetic terms. 
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with 0" = arg(e„). From Eq. ( p.24| ), we readily see that the radiatively- induced KK 
Majorana states, Xi ^ind X2 5 ^^ strongly with one another, thus forming a two-level 
CP-violating system, namely a CP-violating resonator. The striking feature of the present 
scenario is that both the lifting of the dangerous mass degeneracy of the KK Majorana states 
and CP violation occurs through loop effects. This model of leptogenesis has no analogue 
in 4 dimensions, since the inclusion of an explicit heavy Majorana mass is theoretically not 
necessary. 

3.3 The hybrid leptogenesis model 

We shall now consider a model based on the two scenarios discussed in Sections 3.1 and 3.2, 
in which we include the fermionic bilinears mNN and MN'^C^^^~'^N, as well as the three 
Higgs doublets $1, $2 and $3. As opposed to the previous two cases, we shall not impose 
the Z2 discrete symmetry on the bulk Dirac neutrino N{x,y). As we will see, the absence 
of the Z2 symmetry yields a distinct prediction for the mass spectrum of the KK states. In 
particular, we find that the heavy mass scales m and M neither decouple completely from 
the KK mass spectrum nor get replaced by other small quantities of order 1/R. 

The effective Lagrangian of the hybrid model reads 

2TrR 

Ces = jdy {N{i^^d^ + i^Ady)N - mNN - -(mN^C^^^-^N + H.c.) 

+ 5{y-a)[hiL^i^ + h2L^2V + H.c] + 5{y - a)[C'^^{^i) 

+ /:y($i,<l>2,$3)li. (3-25) 



The above Lagrangian possesses a global symmetry given by Eq. (|3.17|) which is only broken 



softly by the Higgs mass terms of Eq. ( |3.18|) and by MN'^C^^^ ^N. This is a crucial fact 



that ensures the renormalizability of the model. 

Since periodicity is the only constraint that applies to N{x, y), the 5-dimensional two- 
component spinors ^ and 1] may then be expressed in terms of a Fourier series expansion 
as follows: 



00 



ax,y) = -^ Y: en(x)exp(^j, (3.26) 

v{x,y) = 7^1 J^^"(-)-p(^)- (3-27) 
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Substituting Eqs. ( p.26| ) and ( p.27| ) into the effective Lagrangian ( p.25| ), we find after y 
integration 

oo , 

£eff = C'^ui^i) + £y(<l>i,$2,$3) + Aad + E \ln{l(J^d^)in + VniKT^ d ^)r]n 

n=—oo ^ 

r / in \ ]1/ __ \ 

- ("^ + "B" j ^nV~n + H.C. J - - M i^^-n^n + V-nVn + H.C. j 

+ [h^r^L^,^n + hf^L^2r]n + H.c.)|, (3.28) 



where 



h- 



(n) 



Mp ( ina 



;W 



Mp ( ina 



(3.29) 



In Eq. ( p. 28 ), Z^rad indicates the UV-finite radiative contributions to the KK kinetic terms, 



I.e. 



L 



rad 



X! l^n,mVn{icr^d^)^rn + H.C. 



(3.30) 



n,m=— oo 



where k^^^ is given by a formula very similar to Eq. (p. 22 ). To avoid excessive complication 
in the calculation, we consider only those radiative terms Kn.m that are expected to have a 
dominant effect on the KK mass spectrum. More explicitly, we have 



C 



rad 



K-o,oVo[io-' 



OO 



n=\ 



+ Hn,-n'nn{icr''d^)^^n + fi-n,n'n-nii(T''d^)^n + H.C. 



(3.31) 



Notice that all \K,n,m\ have the same absolute value and do not depend on the indices n and 
m. 

To evaluate the masses of the KK neutrino states, it is convenient to write the kinetic 
part of the KK sector as a sum of two terms: 



£ 



KK 
kin 



'KK 



KK 






where 
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KK 
n=0 



+ H.C. , 
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'^n,-ri 
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V l^r. 



n,—n 
U K^„. — n. t 



(3.32) 



^0 

(3.33) 

Vn 
J \V~n J 
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V ^-n / 



H.c. 



(3.34) 



with TTtn = m, + {in/R) (i.e. ttiq = m). From the Lagrangian i2^=o i^ ^'i- ( P-33| ), one obtains 
two Majorana neutrinos, Xi cind X2 > with masses 

iM-ml ,_ , ra^ M + m 



m, 



(0) 
XI 



IM-ml 



m 



(0) 

X2 



M + m. 



(3.35) 



|l-/«o,o| |l + «o,o| 

We now turn to the evaluation of the KK neutrino masses, for the more involved case with 
n > 1. To this end, we first go to a weak basis, in which the mass matrix is real, by 
rephasing the KK fields: 



-i0n/2 f 



r]n 



^ 'In 



i- 



rj-n 



^ 'l~n 1 



(3.36) 



with (pn = argm„. Even though one could always work out the most general case, it 
is, however, very illuminating to make a further assumption that leads to much simpler 
analytic results. We assume that all radiative kinetic terms are predominantly real in the 
new weak basis in Eq. (|3.36|) , i.e. ImK„^m <^ ReK^^m ~ e. Then, considering m, > M 
for definiteness, we can diagonalize the Lagrangian in Eq. ( ^.341 ) through the canonical 
transformation 
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(3.37) 



which leads to the KK Majorana masses 
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Xi 



n^ 
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Xi 



M + 



'm? + 



n^ 
'^ 



m, 



(-n) 
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n^ 
'^ 



(3.38) 



Evidently, Eq. (|3.38| ) shows that the immediate effect of radiative corrections is to lift the 
dangerous twofold mass degeneracy among the KK states Xi " and X2 1 ^^us rendering 
the theory CP-violating. If one considers that m > M, the mass of the lowest-lying KK 
state is m^^-* ^ m, — M, which can naturally be much larger than the compactification 
scale 1/R. This is a distinctive feature of the present model, since, unlike the previous 
two scenarios, the heavy mass scale m — M neither decouples from the complete KK mass 
spectrum nor gets replaced by quantities of order IjR. 
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Figure 2: Schematic representation of the mass spectrum of the KK states. 

4 Resonant CP violation 



In addition to lepton-number violation, CP non-conservation constitutes another impor- 
tant ingredient for leptogenesis. These two necessary conditions satisfy, by construction, 
the three models of leptogenesis, discussed in the previous section. However, these con- 
ditions may not be sufficient to guarantee an appreciable leptonic asymmetry that results 
from decays of KK Majorana states according to the standard scenario of leptogenesis 
I8| . In particular, in theories with low scale of quantum gravity, we have to ensure that 
the total net effect of the individual CP- violating contributions coming from the tower of 



nearly degenerate KK Majorana states does not vanish because of some kind of a GIM [Q 
cancellation mechanism. In fact, by making use of such a GIM- type mechanism, we can 
show that all the CP-violating vertex (e'-type) terms almost cancel pairwise. On the other 
hand, we find that the interference of the CP-violating self-energy (e-type) contributions 
is constructive or destructive, depending on the mass spacing of the KK Majorana states. 

The mass spectrum of the higher-dimensional models of leptogenesis under discussion 
consists of an infinite series of pairs of nearly degenerate Majorana neutrinos, which we 
denote by Xi and X2 ■ The generic pattern of the KK mass spectrum may be represented 
by Fig. |[ As we have discussed in Section 3, the mass difference between Xi and X2 
may be induced either at the tree level: 



Ami") 

A 



m 



(n) 
X2 



771 
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(4.1) 
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or through radiative kinetic terms: 
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(4.2) 



with 
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X 2 V ^1 ^2 

Furthermore, the mass difference between two adjacent KK pairs is determined by 



(4.3) 
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(n+l) 



m(") ^ - 
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Mp \ 2/'5 
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M, 



(4.4) 



In deriving the approximate equahty in Eq. ([4.4|) , we have imphcitly assumed that m < n/i?, 
for the hybrid scenario outhned in Section 3.3. Clearly, if the origin of a non-zero Am^"^ is 
due to loop effects, one naturally has AM^") ^ Atti^") for any number S of extra dimensions. 
However, if Am^^ occurs in the Born approximation, then Am^"-* and AMJ^^ could be of 
equal order. As we will see below, the last two quantities determine the magnitude of CP 
violation that originates from the interference of the tower of KK states. 

Let us first consider e'-type CP violation in the decays of KK states. For our illustra- 
tions, it is sufficient to assume that the KK states decay predominantly to the SM Higgs 
doublet $ or to the Higgs doublet with the smallest (thermal) mass in the model with 
the extended Higgs sector. Since Am^^ < AM^^ -C m^"\ the CP- violating parameter of 
interest to us is 
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(4.5) 



where we used the short-hand notations for the transition amplitudes: T^'^^^' = T^'(xi 
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=(n)e' 



in) 



in) 



L$^), T '" = T^'(xi"'' -^ L'"^), and likewise for xT' ■ ^^ ^ill these amplitudes, only vertex 
diagrams are included. For simplicity, we assume that all Yukawa couplings hi and /i2 
are independent of k, although the most general case does not depend on that particular 
assumption. The parameter e'j"'^ is then found to be 
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(4.6) 



with 



fix) 



1+x] In 1 + 



X 



(4.7) 
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Note that the range of summation over the KK states exphcitly depends on the model. 
Equation ([4 .61) may further be approximated as 



t V Tm r/)^")*/)^'')^^ ( ^^x , ^^x \ ^x fii ^x 

A n;,Wl2 , l^,Wl2^ Z^^^"'^'*l '*2 ^1 (n) ^ (k) I {n)2 ■> \ (n)2 



where f'{x) is the derivative of the function /(x), i.e. 



/(^) ^ 



2v^ 



- + X ) In f 1 + - 
3 / V X 



(4.8) 



(4.9) 



It is obvious that each individual KK term in Eq. (|4.8| ) is suppressed by a factor Am^^ym{^\ 
This is a generic consequence of a GIM-type cancellation mechanism, as a result of off-shell 
interference between pseudo-Dirac neutrinos. 

To explicitly demonstrate that e'-type contributions to CP violation are indeed small, 
it is instructive to offer an estimate for the sum over the KK states in Eq. ( [4.8| ), after making 
few plausible assumptions. For simplicity, we consider a theory with one additional spatial 
dimension (S = 1), and further assume that the mass differences, Am^^ (or Am^^ym^'^) 
and AM^^\ are independent of k. In addition, we convert the sum over the KK states 'fc' 
to an energy integral, which has a UV cutoff at the fundamental scale of quantum gravity 
Mp. With these considerations, we obtain 

,.(n) ^ Im(M">/.rV AmW ^ Imjhlh,)^ Ml An^ 

^ ^ 167r(|/ii")|2 + |/i(")|2) AM(") ^ 167r(|/ii|2 + |/i2|2) M2 AM;^") ' ^' ^ 

where we have used the fact that f'{x) ~ — l/(2x^/^), for x ^ 1. The above exercise shows 
that e^"^ is extremely suppressed by the extra-dimensional volume factor M^/Mp and, in 
certain scenarios, by the ratio Am^^^AM^"^ <^ 1. Consequently, we can safely neglect 
e'-type CP violation in the decays of the KK Majorana states. 

In the following, we shall focus our attention on the self-energy (e-type) contribution 
to CP violation. In analogy to Eq. ( |4.5| ), the relevant measure of e-type CP violation may 
be defined by 

\n-{n)£\2 I \n-{n)el2 _ |^(")£|2 _ |^(")'^|2 
^(n) _ I Xi I "'" I X2 I I"' XI I I X2 I /^ '^^\ 

^ \n-i^)<^\2 I \n-(-^)^\2 I |^(")^|2 I |^(")^|2 ■ y ■ J 

I^Xi 1+1^X2 I + 1^X1 I + 1^X2 I 

Correspondingly, T^^^^ (-^12 ) i^idicate the decays Xi"2 ^^ -^"^^ (Xi"2 ~^ L^^)i where only 
the self-energy graph has been taken into account. Since each e-type term is proportional 
to the mass difference of the KK states involved, one has to avoid that self-energy transi- 
tions Xi ~^ X2 cancel against the transitions Xi ~^ X2 ■ From Fig. ^ we may 
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schematically deduce the condition for destructive interference among adjacent KK states, 
which translates into the relation 

Ami") ~ -AMI"). (4.12) 

Instead, if 

AMf) > AmJ^), (4.13) 

the interference of two neighbouring KK states is constructive. Employing the resummation 
approach to the mixing of unstable particles, which was developed in p^,|34|, we find that 
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^S = ^ \h^^^\'^S a^d rW = ^ |/igpmg) (4.15) 



.(") ^^A ,.(") 



are the decay widths of xT and X2 5 respectively. In Eq. ( |4.14| ), we have neglected con 
r^") of order AmJ^)/AM^") (cf. Eq. ( ^l3D ) and AmJ^VH' 

rampfpr f 

'X 



tributions to e^") of order AmJ*)/AM^") (cf. Eq. ( ^l3D ) and AmJ^VH"^' 

In agreement with Ref. |^, we observe that the CP- violating parameter e^") given 



by Eq. ( ^.14| ) can be of order 1, if the two conditions: 



iTm l'/)*^")/)*^")*^2| r(n) yin) 
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4"i^ - ' „.., L, ' ~ 1 and (ii) AmW ^ i^ or ^^ (4.16) 



are satisfied. The first condition is rather mo del- dependent. A priori there is no reason 
to believe that the phases of the original Yukawa couplings hi and /i2 should somehow be 
aligned and, as a result of this, the parameter ^^p must be suppressed. Thus, we consider 
d'cp ~ 1. 

In a general model, it is more difficult, however, to theoretically justify the second 
condition, as the mass splitting of the mixed particles involved must be of the order of 
their widths. For the scenarios discussed in Sections 3.2 and 3.3, the mass splitting Am^") 
is radiatively induced by integrating out the Higgs interactions and then canonically nor- 
malizing the resulting kinetic terms. Thus, the width of the KK Majorana states and their 
respective mass difference formally occur at the same electroweak loop order. Therefore, 
the second condition is naturally implemented for these two models. For the leptogenesis 
model described in Section 3.1, one has to assume that /i ~ Fg or Fg. As a consequence 
of compactification of the extra large dimensions, the mass parameter /i always turns out 
to be smaller than AM^' , so some degree of tuning /i to even smaller values is required in 
this case. 
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The models of leptogenesis we have been studying share the generic feature that 
each KK Dirac state decomposes into a pair of nearly degenerate Majorana neutrinos. 
Such a pair of KK Majorana neutrinos forms a strongly mixed two- level system that ex- 
hibits CP violation of order unity; such a system was called a CP-violating resonator. In 
fact, it was shown in p4| that the resonant enhancement of CP violation is driven by the 
non-diagonalizable (Jordan-like) form of the effective Hamiltonian (or equivalently the re- 
summed propagator) of the two-level system, which satisfies conditions very analogous to 
those of Eq. ( [4.16|) . Finally, we should stress that the constructive interference of all the in- 
dividual KK CP-violating resonators is assured on the basis of the requirement given by Eq. 
( [4.13| ). This last requirement is more naturally implemented in the models of leptogenesis 
with extended Higgs sector (see also discussion in Sections 3.2 and 3.3). 

5 Baryonic asymmetry of the Universe 

Astronomical observations give strong evidence that the present Universe mainly consists 
of matter rather than antimatter, i.e. the Universe possesses an excess in the B number. 
The observed B asymmetry may be quantified by the nonzero baryon-number-to-entropy 



ratio of densities ||26| 



Yab = "^^^ = (0.6 -l)x 10-1°, (5.1) 

s 

where n^B = ub — n§ ^ ub and s is the entropy density. As we mentioned in the 

introduction, an attractive solution that could account for the nonzero value of Iab by 



making use all of the necessary conditions imposed by Sakharov ^^ may be given by 
means of the scenario of baryogenesis through leptogenesis |T^. Based on an analysis of 
chemical potentials |Q, one may derive that 



8A^p + ANu 

Y^bIT > T,) = ^ — Ya(b-l) ■ (5.2) 

A«v cj 22Nf + 13Nh ^ ' 

Almost independently of the numbers A^^ and Nh of flavours and Higgs doublets, one flnds 
that approximately one third of the initial B — L and/or L asymmetry will be reprocessed 
into an asymmetry in B, provided sphalerons are in thermal equilibrium. If the reheat tem- 
perature Tr is smaller than the critical temperature T^, sphalerons are out of equilibrium, 
and the above L-to-B conversion will be exponentially suppressed by a factor exp(— T^/T^) 



Let us flrst consider the constraints on the parameter space of the leptogenesis models, 
coming from Sakharov's requirement that L or B — L-violating processes, such as decays 
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of KK Majorana modes, must be out-of-thermal equilibrium in an expanding Universe. 



As was discussed by Abel and Sarkar [37], the presence of low-lying KK states drastically 



influences the evolution of the Universe, as the number of relativistic degrees of freedom 
increases with temperature T. To be more precise, if m'^^^ = rrimm represents the mass of 
the lowest KK state in a given model of leptogenesis, the number of relativistic KK states 
below T is then roughly given by [(T — 'miiiin)-^]^; where 6 is the number of large compact 
dimensions. Thus, the number of active degrees of freedom at a given temperature T is 
determined by 

g{T) ^ g, + Ss e{T - m^^) [{T - m^,^)R\' 

«,. + s.«(r-,.„,..)(^)^(^^)\ (5.3) 

where g^ ~ 100 is the number of active degrees of freedom in usual 4-dimensional extensions 
of the SM, and S^ = 27r^/^/r(|) is the surface area of a (5- dimensional sphere of unit radius. 
From Eq. (|5.3|) , we see that the part oi g{T) modified by the presence of KK states, ^^kkIT"), 
can generally be much larger than g^, unless mmin ~ ^c, or Mp and 5 are sufficiently high 
for some specific model. For instance, in the hybrid leptogenesis model, one may have 
rriinin ^ m — M > Tc, and gKK(T) is of order (7^ for T > Tc. 

Sakharov's requirement that all B- and, because of possible equilibrated sphaleron 
interactions, L- violating processes should be out of thermal equilibrium translates into the 
approximate inequality for the total T-dependent decay rate of the KK states 

int (TR) 

r,(T) = Y: r« < 2HiT), (5.4) 

n=int (rTimiiii?) 

where n = (ni,n2, . . . ,ns), F^") = |(F^") + F^")) is the average decay width of the nth 
CP- violating resonator, and 

HiT) ^ 1.73,./.(r) II « 1.73Sr m^)'" ^^ . (5.5) 

The last approximate equality holds true, provided gKK{T) ^ g^. Converting the multidi- 
mensional sum over the KK modes in Eq. ( |5.4| ) into an integral, we find that 

An immediate result of the out-of-equilibrium condition in Eq. ( p.4| ) is the constraint 

n {\hi\ +\h2\ ) ^ 327r S^ 77^1 ) , (5.7) 



2 V"^' ' i-^^' J ^ - ■■ -0 ^p y ^T 
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which no longer depends on Mp. From Eq. ( ^.7| ), it is interesting to see that no serious 
arrangement of the parameters is necessary for all 5 > 1 and m^[^ < T < Mp, even if the 
original Yukawa couplings hi and /i2 in Eq. (|3.5|) are taken to be of order 1. This should 



be contrasted with the extremely tight limits on the Yukawa couplings in the conventional 
4-dimensional models [0], namely /112 ^ 10~^. These limits are obtained if one sets 
"^min = S = 0, T = 0.2-1 TeV and Mp = Mp, and replaces 5*^ by 1/g^: in Eq. (|5^ ). 

It is interesting to derive the time evolution of the Universe as a function of its 
temperature in higher- dimensional theories. We assume that the Friedmann-Robertson- 
Walker metric governs the expansion of the Universe after inflation |26|, and that all active 



relativistic degrees of freedom are in chemical equilibrium and therefore have the same 
temperature. Imposing entropy conservation, i.e. 



si?^ oc g{T)T^W = const., (5. 



and differentiating with respect to time t, we find that 



ldR__5 + 31dT 
^ - R dt~ 3 T dt ' ^^-^^ 



for QKKiT) ^ g^. If we differentiate the Hubble variable in Eq. ( p.5| ) with respect to t and 
employ Eq. (|5.9|) , we arrive at the differential equation 

Considering as initial condition H{t ^ 0) ^ 00, the solution of Eq. ( |5.10|) reads 



2 5 + 3 1 /„. ,^ 28 \ 1 5 + 3 /TeV\ / T \-^-2^ ,_^, 

t(T) = ^ (7.6 X 10"^^ sec) —7:7 . (5.11) 

^ ^ 3 5 + 4:H{T) V ^ sy^ S + 4:\MfJ KMpJ ^ ^ 

If 9KKiT) ~ (?*, which happens for temperatures T < m^in + {Mp/M-pY/^gJ Mp, the 
time-temperature relation ( ^.11| ) goes over into the canonical 4-dimensional form 

t{T) = ^ - (2.3 sec) X ,-/2 {^^\ (5.12) 



Comparing the T-dependences in Eqs. ( p.ll| ) and ( |5.12|) , one readily sees that the presence 



of large compact dimensions drastically changes the evolution of the Universe. 

We shall now attempt to give an estimate of the baryonic asymmetry that results 
from a sphaleron-converted leptonic asymmetry in KK-neutrino decays, with masses m^"-* > 
M$ ~ Tc, including possible suppression factors due to a low reheat temperature T^. As 
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a starting point, we assume that n^^\T) ^ n^(T), for m^^ ^ T < Mp, where n^^\T) is 
the number density of the nth KK pair of Majorana states and n-y{T) ^ 2AT^ /ti"^ is the 
respective number density for photons. The dominant contribution to the L asymmetry is 
expected to be encoded in the rath CP- violating resonator at T ^ m^"^ for m,^") > M$ ~ Tc 
and m^"-* > nimiru when the equihbrium number density of the rath KK pair is of the order 
of ra,^") (T) 1^ . Thus, the ra,th CP- violating resonator gives rise to a leptonic excess 



, , p{n) ^(n)( {n)\ ^(n) 

K") ^ ^x "'X y"'x > ^ ^X 



vm ^ ^x '"x ^""x > ^ ^x (^^'X\ 



In deriving the last step of Eq. ( |5.13| ), we have used the fact that s(T) ^ g{T)n^. Since 
low-scale quantum gravity theories are plagued by the low-reheat-temperature problem, 
i.e. Tj. <^ Tc, the conversion of an L-to-B asymmetry can only proceed via sphaleron 
interactions, which are out of thermal equilibrium. Such an L-to-B conversion mediated 
by out-of-equilibrium sphalerons may be taken into account by multiplying the RHS of 
Eq. ( ^.13|) with an exponentially suppressed factor exp(— Tc/Tj.) ||26|. In this qualitative 



picture, the total B asymmetry may be estimated by 

, int (MpR) 

Y^B - -'-e-^^/^^ E y^^l (5-14) 

n=int (Tmin-R) 

In the leptogenesis models under discussion, all the individual CP-violating asymmetries 
e^"^ are of the same order, i.e. e^"^ = —e^ for all n, and their net effect is constructive, 
as long as the condition in Eq. (|4.13| ) is satisfied. For generality, let us assume that the 
interference of the CP-violating resonators is constructive up to an energy scale M'p < Mp. 
Approximating the sum over the ra-KK states in Eq. ( |5.14|) by an integral, we obtain 

Y^B - ^e-^=/^^5,.,ln(^), (5.15) 

<J V -t mill / 

with Tmin = max (Tr,mmin)- From Eq. ( |5.15| ), we find that the generated BAU, Iab, does 
crucially depend on T^.. Considering resonant conditions for CP violation, i.e. e^ ~ 1, one 
needs Tc/Tj. < 20 in order to generate a baryonic asymmetry at the observed level, namely 
Ya5 ~ 10^^'^. Thus, if the critical temperature is Tc^ 100 GeV, then a reheat temperature 
as low as 5-10 GeV would be sufficient to account for the BAU, through the mechanism 
of baryogenesis through leptogenesis. According to estimates in [^[1121, to get a reheat 
temperature as high as 10 GeV in a theory with 5 = 6 large extra dimensions, one must 
have at least Mp ^ 100 TeV, while for 6 = 4 and 2 extra dimensions, the scale of quantum 
gravity Mp must be larger than 10^ and 10^ TeV, respectively. 
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Another difficulty of the leptogenesis models we have been discussing is that the late 
decays of the low KK neutrinos may distort the abundances related to the light elements 
^He, D, ^Li, etc. Of course, for sufficiently large values of Mp and/or 5, the lowest KK 
state, with mass of order 1/ R ~ {Mp/MpY'/^Mp, will be heavy enough to decay just before 
nucleosynthesis. This may reintroduce a mild hierarchy problem in the parameters of the 
theory, in case we wish to identify Mp with the scale of soft-supersymmetry breaking f^. 
Therefore, among the leptogenesis models that were discussed in Section 3, the hybrid 
scenario represents the most attractive solution to this problem, as the lowest KK state, 
with mass mjam = m — M, can be made sufficiently heavy in order to decay rapidly enough. 
Whether such a scenario can be embedded to a more general supersymmetric theory is an 
issue that we shall not address in the present work. 

6 Conclusions 

We have studied the scenario of baryogenesis through leptogenesis in theories with large 
compact dimensions. The formulation of these theories requires the extension of the notion 
of the Majorana spinor to multidimensional Minkowski spaces. We have reviewed this topic 
in Section 2. In particular, it was shown that genuine massive Majorana neutrinos exist 
in 2, 3 and 4 mod 8 dimensions only. This limitation is due to the lack of finding Clifford- 
algebra representations that satisfy the Majorana properties in any number of dimensions. 
In Section 3, we have formulated minimal models of leptogenesis that are renormalizable 
if a finite number of KK states are considered. Such a truncation of the number of the 
KK states may not be very unrealistic, as the fundamental scale of quantum gravity Mp 
is expected to play the role of an UV cutoffi 

Initially, the leptogenesis models that we have been discussing furnish the field content 
of the theory with an infinite series of KK Dirac states. Subsequently, each KK Dirac state 
splits into pairs of nearly degenerate Majorana neutrinos. After compactification of the 
extra dimensions, such a mass splitting occurs either at the tree level, or, more interestingly, 
at the one-loop level by integrating out the Higgs interactions of an extended Higgs sector. 
As a consequence, each pair of the Majorana neutrinos behaves as a CP-violating resonator, 
i.e. it becomes a strongly mixed two-level system producing a leptonic CP asymmetry of 
order unity. Depending on the mass difference between two adjacent pairs of KK Majorana 
neutrinos, the tower of CP-violating resonators may have a constructive or destructive 
interference. In Section 4, we have found that such an interference is constructive, if the 
level spacing between any two nearby pairs of KK Majorana neutrinos is much larger than 
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the mass difference of the Majorana neutrinos within each pair (cf. Eq. ( [4.13| )). 

In Section 5, we have seen that the KK Majorana neutrinos mostly decay out of ther- 
mal equilibrium in theories with large compact dimensions. Based on the afore-mentioned 
CP-violating mechanism, the resulting leptonic asymmetry is of order unity. However, in 
theories with a low scale of quantum gravity P,pl]|, gravitational interactions play an es- 



sential role, as they generically lead to low reheat temperatures, much below T^. Then, 
the conversion of an L into B asymmetry is exponentially suppressed, as sphalerons are 
out of thermal equilibrium. In such a cosmological framework, the upper bound on the 
reheat temperature compatible with baryogenesis may be reduced by almost one order of 
magnitude relative to T^. In fact, we can estimate that a reheat temperature T^ as low as 
5-10 GeV would be sufficient to account for the BAU through out-of-equilibrium sphaleron 
interactions. The latter leads to the lower limits: Mp > 10^, 10^, 100 TeV, for 5 = 2, 
4, and 6 large extra dimensions, respectively. An important virtue of leptogenesis, when 
compared to the usual scenarios of baryogenesis in low-string scale theories, is that one 
does not need to worry about suppressing 5-violating interactions which might lead to 
observable proton decays |3^. For this reason, we believe that embedding the minimal 



scenarios of leptogenesis that we have studied here into more realistic models of inflation 
constitutes an interesting issue for future investigations. 
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